We argue that lepton flavor violating (LFV) decays M → 1 2 of quarkonium states M with different quantum numbers could be used to put constraints on the Wilson coefficients of effective operators describing LFV interactions at low energy scales. We note that restricted kinematics of the two-body quarkonium decays allows us to select operators with particular quantum numbers, significantly reducing the reliance on the single operator dominance assumption that is prevalent in constraining parameters of the effective LFV Lagrangian. We shall also argue that studies of radiative lepton flavor violating M → γ 1 2 decays could provide important complementary access to those effective operators.
Any new physics scenario which involves lepton flavor violating interactions can be matched to an effective Lagrangian, L eff , whose Wilson coefficients would be determined by the ultraviolet (UV) physics that becomes active at some scale Λ. Below the electroweak symmetry breaking scale, this Lagrangian must be invariant under unbroken SU (3) c ×U (1) em groups. The effective operators would reflect degrees of freedom relevant at the scale at which a given process takes place. If we assume that no new light particles (such as "dark photons"
or axions) exist in the low energy spectrum, those operators would be written entirely in terms of the SM degrees of freedom such as leptons: i = τ, µ, and e; and quarks: b, c, s, u, and d. We shall not consider neutrinos in this paper. We also assume that top quarks have been integrated out.
The effective Lagrangian, L eff , can then be divided into the dipole part, L D ; a part that involves four-fermion interactions, L q ; and a gluonic part, L G .
Here the ellipses denote effective operators that are not relevant for the following analysis.
The dipole part in Eq. (1) is usually written as [2] 
where P R,L = (1 ± γ 5 )/2 is the right (left) chiral projection operator. The Wilson coefficients would, in general, be different for different leptons i .
The four-fermion dimension-six lepton-quark Lagrangian takes the form:
+ m 2 m q G F C
1 σ µν P R 2 qσ µν q + h.c. .
We note that the tensor operators are often omitted when constraints on the Wilson coefficients in Eq. (3) are derived (see, e.g. [2] ). We would like to point out that those are no less motivated than others in Eq. (3). For example, they would be induced from Fierz rearrangement of operators of the type Q ∼ (q 2 ) 1 q that often appear in leptoquark models.
Also, as we shall see later, the experimental constraints on those coefficients follow from studying vector meson decays, where the best information on LFV transitions in quarkonia is available.
The dimension seven gluonic operators can be either generated by some high scale physics or by integrating out heavy quark degrees of freedom [2, 3] ,
Here β L = −9α 2 s /(2π) is defined for the number of light active flavors, L, relevant to the scale of the process, which we take µ ≈ 2 GeV. All Wilson coefficients should also be calculated at the same scale. G F is the Fermi constant and
αβ is a dual to the gluon field strength tensor [2] .
The experimental constraints on the Wilson coefficients of effective operators in L eff could be obtained from a variety of LFV decays (see e.g. [1] for a review). Deriving constraints on those Wilson coefficients usually involves an assumption that only one of the effective operators dominates the result. This is not necessarily so in many particular UV completions of the LFV EFTs, so certain cancellations among contributions of various operators are possible. Nevertheless, single operator dominance is a useful theoretical assumption in placing constraints on the parameters of L eff .
In this paper we are going to argue that most of the Wilson coefficients of the effective Lagrangian in Eq. (1) for different i could be determined from experimental data on quarkonium decays. In particular, we consider two-and three-body decays of the quarkonia of differing quantum numbers with quarks of various flavors such as Υ(nS) → 1 2 , Υ(nS) → γ 1 2 , etc. We will note that restricted kinematics of the two-body transitions would allow us to select operators with particular quantum numbers significantly reducing the reliance on the single operator dominance assumption. Finally, we shall argue that studies of radiative lepton flavor violating (RLFV) decays could provide important complementary access to study L eff .
We shall provide calculations of the relevant decay rates and establish constraints, where experimental data are available, on Wilson coefficients of effective operators of the Lagrangian L eff of Eq. (1). In the following sections we assume CP-conservation, which implies that all Wilson coefficients will be treated as real numbers. We shall note that some transitions have not yet been experimentally studied, so no numerical constraints from those decays are available at the moment. Finally, in studying branching ratios we assume that for a meson, M , the branching fraction B(M → 1 2 ) = B(M → 1 2 ) + B(M → 1 2 ), unless specified otherwise.
II. VECTOR QUARKONIUM DECAYS
There is abundant experimental information on flavor off-diagonal leptonic decays of vector quarkonia, both from the ground and excited states [4] . This information can be effectively converted to experimental bounds on Wilson coefficients of vector and tensor operators in Eq. (3), as well as on those of the dipole operators of Eq. (2). The most general expression for the V → 1 2 decay amplitude can be written as 
The amplitude of Eq. (5) leads to the branching fraction, which is convenient to represent in terms of the ratio:
Here α is the fine structure constant, we neglected the mass of the lighter of the two leptons, and set y = m 2 /m V . The form of the coefficients A Here Q q = (2/3, −1/3) is the charge of the quark q and κ V = 1/2 is a constant for purestates. It is a good approximation to drop terms proportional to y 2 in Eq. (7) for the heavy quarkonium states. Inspecting the ratio in Eq. (6), one immediately infers that the best constraints could be placed on the four-fermion coefficients, C T R ), in Eq. (7) also depend on the ratio of meson decay constants,
where µ (p) is the V -meson polarization vector, and p is its momentum [7] .
While the decay constants, f V , are known, both experimentally from leptonic decays and theoretically from lattice or QCD sum rule calculations, for a variety of states V , the tensor (transverse) decay constant, f T V , has only recently been calculated for the charmonium J/ψ state with the result f T J/ψ (2 GeV) = (410 ± 10) MeV [7] . In the absence of the estimate for f T V , we follow the suggestion made in Ref. [11] and assume that f T V = f V . This seems to be the case for the J/ψ state [7] to better than 10 %. We present numerical values of the decay constants in Table II . Note that the ratio of Eq. (6) 
Here we imposed isospin symmetry on the NP operators and their coefficients, which resulted in the cancellation of the four-fermion operator contribution. The restricted kinematics of the decay implies that only µe operators can be constrained. The corresponding results for V = ω ∼ uū + dd / √ 2 decay can be obtained from Eq. (7) by substituting
Again, the restricted kinematics of the decay implies that only µe operators interacting with up and down quarks can be constrained. Since we imposed isospin symmetry, it is convenient to use
Contrasting Eq. (6) with the experimental data from Ref. [4] we can constrain the Wilson coefficients of the Lagrangian Eq. (1). Assuming single operator dominance, the results can be found in Table III . The Wilson coefficients of dipole operators can be found in Table IV .
It is important to note that some of the bounds presented in Tables III and IV are rather weak and might not even look physically meaningful, especially the ones coming from φ decays. In fact, assuming Wilson coefficients C ∼ 1 seems to imply that new physics scale Λ/ √ C only extends to several MeVs, clearly breaking the EFT paradigm that assumes local operators up to the scales of several TeVs! A correct interpretation of those entries in Tables   III and IV is that existing data simply does not allow to place strong constraints on the combination Wilson coefficients. This is rather common in EFT analyses of new physics phenomena, see e.g. [12] .
As one can see from Eq. (7), there is a practical limitation on the two-body vector meson decays. Only a subset of the Wilson coefficients is selected by the quantum numbers of the initial state and can be probed. This fact can be turned into virtue if experimental information on LFV decays of quarkonium states with other quantum numbers is available. 
Constraints on other Wilson coefficients of the effective Lagrangian in Eq. (1) produced at the LHCb experiment directly in gluon-gluon fusion interactions [13] . In case of the η c and its excitations, another production mechanism would include non-leptonic Bdecays, as the corresponding branching ratios for non-leptonic B decays into η c and kaons are reasonably large, of order of per mille [4] . Similar to the decays of vector mesons considered in Sect. II, one can write the most general expression for the P → 1 2 decay amplitude as
with E decays of pseudoscalar mesons:
Here Γ P is the total width of the pseudoscalar state. We have once again neglected the mass of the lighter lepton and set y = m 2 /m P . Calculating E and η c (cc state), the coefficients are
The hadronic matrix elements in Eq. (12) are defined as [3] 
Here p is the momentum of the meson. For heavy quarks q = c, b one expects the matrix elements of gluonic operators in Eq. (13) to be quite small 1 , so we shall set a η b(c) = 0 from now on. The constraints on the Wilson coefficients of gluonic operators could be obtained either from studying lepton flavor violating η decays (for µe currents) or from the corresponding tau decays. We use a η = −0.022 ± 0.002 GeV 3 and a η = −0.057 ± 0.002 GeV 3 [15] . The numerical values of the other pseudoscalar decay constants used in the calculations can be found in Table VI . For the light quark states, such as η and η the corresponding expressions Dashes signify that no experimental data is available to produce a constraint; "n/a" means that the transition is forbidden by phase space.
Leptons Initial state
Wilson coefficient
µτ − − n/a n/a n/a n/a
AL /Λ 2 eτ − − n/a n/a n/a n/a eµ − − 3 × 10 −3 2 × 10 −3 2.1 × 10 −1 1.9 × 10 −1 µτ − − n/a n/a n/a n/a
AR /Λ 2 eτ − − n/a n/a n/a n/a eµ − − 3 × 10 −3 2 × 10 −3 2.1 × 10 −1 1.9 × 10 −1 µτ − − n/a n/a n/a n/a
n/a n/a n/a n/a eµ − − 2 × 10 3 1 × 10 3 3.9 × 10 4 3.6 × 10 4 µτ − − n/a n/a n/a n/a C q 1 2 P R /Λ 2 eτ − − n/a n/a n/a n/a eµ − − 2 × 10 3 1 × 10 3 3.9 × 10 4 3.6 × 10 4 are a bit more involved:
where 
constraints on Wislon coefficients of the gluonic operators in Table VIII are significantly weaker than those available from tau decays [3] . Finally, just as in Sect. II, large entries in the Tables VII and VIII do not imply a breakdown of the EFT description of LFV decays, but signify that existing data does not allow us to place strong constraints on the combination of relevant Wilson coefficients.
IV. SCALAR QUARKONIUM DECAYS S → 1 2
Scalar quarkonium decays would ideally allow one to probe the Wilson coefficients of the scalar quark density operators in Eq. (3). The corresponding p-wave states χ q0 , where q = b, c could be effectively produced either directly in gluon-gluon fusion at the LHC, or in the radiative decays of Υ(2S), Υ(3S), or corresponding ψ states. It is important to note that the corresponding branching ratios for, say, ψ(2S) → γχ c0 are rather large, of the order of 10%. Finally, they could also be produced in B-decays at flavor factories.
Since Wilson coefficients of other operators could be better probed in the processes discussed in Sect. II-III, in this section we shall concentrate on the contributions of operators that could not be probed in the decays of vector or pseudoscalar quarkonium states.
The most general expression for the S → 1 2 decay amplitude looks exactly like Eq. (10), with obvious modifications for the scalar decay: (13) for the scalar quarkonium decays, derived from the quark model calculations of [16] . Masses and measured widths are from [4] , and unmeasured widths (in brackets) are calculated as in [16, 17] .
Eq. (15), is
Here Γ S is the total width of the scalar state and y = m 2 /m S . The coefficients E 
The hadronic matrix elements in Eq. (17) are defined as
Note that we introduced an extra minus sign and a factor of m S compared to [16] for the scalar quark density to have uniform units for all matrix elements of quark currents. For the same reasons as in the pseudoscalar case, one expects that the gluonic matrix elements in Eq. (17) for the heavy quark states χ c0 or χ b0 are small, so we set a S = 0 from now on.
This means that the Wilson coefficients of the gluonic operators are better probed in LFV tau decays, where the low energy theorems [3] or experimental data [2] could be used to constrain relevant gluonic matrix elements.
Finally, we note that no constraints on the Wilson coefficients of the scalar currents in L eff are available, as the corresponding transitions χ b(c)0 → 1 2 have not yet been experimentally studied.
V. THREE BODY VECTOR QUARKONIUM DECAYS
Addition of a photon to the final state certainly reduces the number of the events available for studies of LFV decays, especially since no compensating mechanisms seem to be present (c.f. [18] ). However, it is also makes it possible for operators in L eff , other than considered in two-body decays, to contribute, which makes the analysis of RLFV decays a worthwhile exercise, especially for the decays of the vector quarkonium states.
A. Resonant transitions
The resonant two-body radiative transitions of vector states V → γ(M → 1 2 ) could be used to study two-body decays considered above, provided the corresponding branching ratios for the radiative decays are large enough. Since vector states are abundantly produced in e + e − annihilation, these decays could provide a powerful tool to study LFV transitions at flavor factories.
If the soft photon can be effectively tagged at B-factories, the combined branching ratio factorizes and can be written as
where the scalar decays (M = χ q0 ) B(χ q0 → 1 2 ) have been studied in Sect. IV, while the corresponding pseudoscalar transitions (M = η q ) B(η q → 1 2 ) have been studied in Sect. III.
The resonant RLFV decays are quite useful for studies of scalar heavy meson decays, as the corresponding branching ratios are large, of order of a few percent [4] . In charm,
The corresponding radiative transitions in beauty sector are also rather large,
B(Υ(3S) → γχ b0 (2P )) = 5.9 ± 0.6% .
A rough estimate [16] shows that with the integrated luminosity of L = 250 fb The corresponding branching ratios in b sector are in a sub permille level and cannot be effectively used to study LFV decays of the η b states.
B. Non-resonant transitions
Non-resonant three-body radiative decays of vector states V → γ 1 2 could be used to constrain the scalar operators, which are not accessible in the two-body decays of vector or pseudoscalar states. Since the final state now includes the photon, it is no longer possible to express all of the hadronic effects in terms of the decay constants. The constraints would then depend on a set of V → γ form factors that are not well known. We shall discuss those in a future publication [19] .
Here we would provide information about C
SR ), but at the expense of introducing model dependence. We shall calculate the transition V → γ 1 2 choosing a particular model to describe the effective quark-antiquark distribution function [18] .
In principle, besides the Wilson coefficients of the scalar operators, non-resonant radiative LFV decays could be used to obtain information about vector, axial, pseudoscalar, and tensor operators and thus C
However, because these operators can be constrained using much simpler two-body decays of vector and pseudoscalar states (see Sec. II-III) without significant model dependence, and with better statistics, we shall focus here mainly on the scalar operators, leaving the other constraints to the future work [19] . In principle, a calculation of the amplitude A(V → γ 1 2 ) involves evaluation of the eight diagrams shown in Fig. 1 . Since the initial state is a arguments as above, we shall also ignore those in this paper.
A calculation of A(V → γ 1 2 ) presented in this paper involves a model to describe the quark-antiquark wave function of the quarkonium state [18] . We choose to follow [18, [20] [21] [22] and write it as
Here I c is the identity matrix in color space, x is the quarkonium momentum fraction carried by one of the constituent quarks, and p is the momentum of the vector meson. The distribution amplitude, Φ V (x), in Eq. (21) is defined as
where f V is a decay constant defined in Eq. (8) . We chose the simplest wave function which makes the approximation that each constituent quark carries half the meson's momentum, which is a good approximation for the heavy quark states such as Υ(nS) or J/ψ. The nonlocal matrix element that is relevant for the radiative transition is then expressed in terms of an integral over momentum fraction:
We can now calculate the total and differential decay rates. Assuming single operator dominance, the axial, scalar, and pseudoscalar operators lead to the following differential decay rates:
Here y is defined to be the same as in Sect. II and we follow the usual definition of the 
where f (y 2 ) = 1−6y 2 −12y 4 log (y)+3y 4 +2y 6 . We can use Eq. (25) to normalize differential decay distributions, so that they are independent of the unknown Wilson coefficients and plot the normalized decay distributions under the assumption of a single operator dominance.
We show differential photon spectra in V → γ 1 2 decay in Fig. 2 for the axial operators, and in Fig. 3 for the scalar or pseudoscalar ones.
Since no experimental constraints are available for the RLFV decays of vector quarkonia,
we cannot yet place any constraints on the Wilson coefficients from those transitions.
VI. CONCLUSIONS
Lepton flavor violating transitions provide a powerful engine for new physics searches.
Any new physics model that incorporates flavor and involves flavor-violating interactions at high energy scales can be cast in terms of the effective Lagrangian of Eq. (1) at low energies. We argued that Wilson coefficients of this Lagrangian could be effectively probed by studying decays of quarkonium states with different spin-parity quantum numbers, providing complementary constraints to those obtained from tau and mu decays [1, 23] .
The proposed framework allows us to select two-body quarkonium decays in such a way that only operators with particular quantum numbers are probed, significantly reducing the reliance on the single operator dominance assumption that is prevalent in constraining the parameters of the effective LFV Lagrangian. We also argued that studies of RLFV decays could provide important complementary access to those effective operators.
With new data coming form the LHC experiments and Belle II experiment, we strongly encourage our colleagues to provide experimental constraints on both the LFV and RLFV transitions discussed in this paper. 
